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Normalization condition and normalized wave function: 

Since the particle must be somewhere in space, so the total probability of finding the particle in all 

region of space must be 1 or 100 %. i.e. 

∫ 𝛹∗

+∞

−∞

𝛹𝑑𝜏 = 1 

Where the limits −∞` and +∞ are conventionally used to represent “all space”.  

The above equation is known as normalization equation or normalization condition and when the wave 

function ψ satisfies this condition then they are said to be normalized. 

In general, if 𝛹i and 𝛹j are two acceptable wave functions of a system, then they are said to be 

normalized if: 

∫ 𝛹𝑖𝛹𝑗

+∞

−∞

𝑑𝜏 = 1, 𝑤ℎ𝑒𝑛 𝑖 = 𝑗 

Orthogonal wave functions: 

Two wave functions 𝛹i and 𝛹j are said to be orthogonal if: 

∫ 𝛹𝑖𝛹𝑗

+∞

−∞

𝑑𝜏 = 0, 𝑤ℎ𝑒𝑛 𝑖 ≠ 𝑗 

Orthonormal wave functions or orthonormal set:  

When the conditions of both normality and orthogonality is satisfied by a set of wave functions then 

they are said to be an orthonormal set. Mathematically ortho-normality can be expressed as: 

∫ 𝛹𝑖𝛹𝑗

+∞

−∞

𝑑𝜏 = 𝛿𝑖𝑗 

Where 𝛿𝑖𝑗 is called Kronecker delta, which is defined as 

𝛿𝑖𝑗 = 0, 𝑖𝑓 𝑖 ≠ 𝑗  

        = 1, 𝑖𝑓 𝑖 = 𝑗   

Physical sifnificance of normalization and orthogonality condition: 

Normalization condition implies that the particle is likely to be found in every region of space whatever 

may be the location of the region in space. Also sum of probabilities of the particle in all the regions in 

space must be equal to unity. i.e. the normalization condition guarantees that the probability of a particle 

existing in all space is 100%. 

The orthogonality condition in terms of vector algebra means that the scalar product of the vectors 

𝛹𝑖 𝑎𝑛𝑑 𝛹𝑗 vanishes. It is possible only when the vectors do not overlap to each other i.e. they are 

completely independent of one another. Likewise, in quantum mechanics, orthogonal functions are 

independent functions and one cannot be expressed in terms of others. 

Normalization constant: 

In quantum mechanics normalization condition must be fulfilled by every function. In cases where the 

wave function is not normalized i.e. if  ∫ 𝛹∗+∞

−∞
𝛹𝑑𝜏 ≠ 1, then the wave function must be multiplied by 

some constant “N”  called the normalization constant such that  N𝛹 become normalized. i.e. 
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                                ∫ (𝑁𝛹)∗(𝑁𝛹)

 +∞

−∞

𝑑𝜏 = 1 

                                                    => 𝑁2 ∫ 𝛹2

+∞

−∞

𝑑𝜏 = 1 [ 𝑖𝑓 𝛹 𝑖𝑠 𝑟𝑒𝑎𝑙 𝑡ℎ𝑒𝑛 𝛹 = 𝛹∗] 

=> 𝑁 =
1

(∫ 𝛹2+∞

−∞
𝑑𝜏)

1
2

 

Q. What do you mean by normalized, orthogonal and orthonormal functions? Give their physical 

significance. What is normalization constant? 

Q. What does normalization condition means? 

Q. Find the normalization constant and hence normalize the following wave functions: 

(1) 𝛹 = 𝑥2, 0 ≤ 𝑥 ≤ 𝑘                       (2) 𝛹 = 𝑆𝑖𝑛𝑥, 0 ≤ 𝑥 ≤ 𝜋                   (3) 𝛹 = 𝑎2 − 𝑥2, −𝑎 ≤ 𝑥 ≤ 𝑎   

(4) 𝛹 = 𝐶𝑜𝑠 (
𝑛𝜋𝑥

𝑎
) , − 𝑎 ≤ 𝑥 ≤ 𝑎 (5) 𝛹 = 𝑎(𝑎 − 𝑥), 0 ≤ 𝑥 ≤ 𝑎 (6) 𝛹 = 𝑒−𝑎|𝑥|, 𝑎 > 0 − ∞ ≤ 𝑥 ≤  ∞  

Ans: 

(1) 𝛹 = 𝑥2 

Let the normalization constant = N 

So the normalized wave function is 𝛹 = 𝑁𝑥2 

Now 

                             ∫(𝑁𝑥2)2

𝑘

0

𝑑𝑥 = 1 

              => 𝑁2 ∫ 𝑥4

𝑘

0

𝑑𝑥 = 1 

        => 𝑁2 [
𝑥5

5
]

0

𝑘

= 1 

               => 𝑁2 (
𝑘5

5
− 0) = 1 

=> 𝑁 = √
5

𝑘5
 

i.e. the normalization constant is √
5

𝑘5  and the normalized wave function will be 𝛹 = √
5

𝑘5  𝑥2 

(2) 𝛹 = 𝑆𝑖𝑛𝑥, 0 ≤ 𝑥 ≤ 𝜋        

Let the normalization constant = N 

So the normalized wave function is 𝛹 = 𝑁 𝑆𝑖𝑛𝑥 
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Now 

                                       ∫(𝑁𝑆𝑖𝑛𝑥)2

𝜋

0

𝑑𝑥 = 1 

                      => 𝑁2 ∫ 𝑆𝑖𝑛2𝑥

𝜋

0

𝑑𝑥 = 1 

                        =>
𝑁2

2
∫ 2𝑆𝑖𝑛2𝑥

𝜋

0

𝑑𝑥 = 1 

                                 =>
𝑁2

2
∫(1 − 𝐶𝑜𝑠 2𝑥)𝑑𝑥 = 1

𝜋

0

 

                         =>
𝑁2

2
[𝑥 −

𝑆𝑖𝑛 2𝑥

2
]

0

𝜋

= 1 

                                               =>
𝑁2

2
[(𝜋 −

𝑆𝑖𝑛 2𝜋

2
) − (0 − 0)] = 1 

=> 𝑁2 =
2

𝜋
 

 => 𝑁 = √
2

𝜋
 

i.e. the normalization constant is √
2

𝜋
  and the normalized wave function will be 𝛹 = √

2

𝜋
 𝑆𝑖𝑛𝑥   

(3) 𝛹 = 𝑎2 − 𝑥2, −𝑎 ≤ 𝑥 ≤ 𝑎   

Let the normalization constant = N 

So the normalized wave function is 𝛹 = 𝑁(𝑎2 − 𝑥2) 

Now 

                                       ∫(𝑁(𝑎2 − 𝑥2))
2

𝑎

−𝑎

𝑑𝑥 = 1 

                         => 𝑁2 ∫(𝑎2 − 𝑥2)2

𝑎

−𝑎

𝑑𝑥 = 1 

                                        => 𝑁2 ∫(𝑎4 + 𝑥4 − 2𝑎2𝑥2)𝑑𝑥 = 1

𝑎

−𝑎

 

                                     => 𝑁2 [𝑎4𝑥 +
𝑥5

5
−

2𝑎2𝑥3

3
]

−𝑎

𝑎

= 1 

                                                                       => 𝑁2 [(𝑎5 +
𝑎5

5
−

2𝑎5

3
) − (−𝑎5 −

𝑎5

5
+

2𝑎5

3
)] = 1 



                                    
 
 
                                                                                                                    Prepared by Dr. Tukhar Jyoti Konch 

9 
 

                                                         => 𝑁2 [𝑎5 +
𝑎5

5
−

2𝑎5

3
+ 𝑎5 +

𝑎5

5
−

2𝑎5

3
] = 1 

                             => 𝑁2 [2𝑎5 +
2𝑎5

5
−

4𝑎5

3
] = 1 

                         => 𝑁2𝑎5 [
30 + 6 − 20

15
] = 1 

  => 𝑁2
16𝑎5

15
= 1 

=> 𝑁 = √
15

16𝑎5
 

i.e. the normalization constant is √
15

16𝑎5  and the normalized wave function will be 𝛹 = √
15

16𝑎5
(𝑎2 − 𝑥2) 

(4) 𝛹 = 𝐶𝑜𝑠 (
𝑛𝜋𝑥

𝑎
) , − 𝑎 ≤ 𝑥 ≤ 𝑎     

Let the normalization constant = N 

So the normalized wave function is 𝛹 = 𝑁 𝐶𝑜𝑠 (
𝑛𝜋𝑥

𝑎
)  

Now 

                              ∫ (𝑁 𝐶𝑜𝑠 (
𝑛𝜋𝑥

𝑎
))

2𝑎

−𝑎

𝑑𝑥 = 1 

     => 𝑁2 ∫ 𝐶𝑜𝑠2

𝑎

−𝑎

𝑛𝜋𝑥

𝑎
 𝑑𝑥 = 1 

        =>
𝑁2

2
∫ 2𝐶𝑜𝑠2

𝑎

−𝑎

𝑛𝜋𝑥

𝑎
 𝑑𝑥 = 1 

                 =>
𝑁2

2
∫ (1 + 𝐶𝑜𝑠

2𝑛𝜋𝑥

𝑎
) 𝑑𝑥

𝑎

−𝑎

= 1 

                                                                 =>
𝑁2

2
[𝑥 +

𝑠𝑖𝑛
2𝑛𝜋𝑥

𝑎
2𝑛𝜋

𝑎

]
−𝑎

𝑎

  

=>
𝑁2

2
[𝑥 +

𝑎

2𝑛𝜋
𝑆𝑖𝑛

2𝑛𝜋𝑥

𝑎
]

−𝑎

𝑎

 

                                                                 =>
𝑁2

2
[(𝑎 +

𝑎

2𝑛𝜋
𝑆𝑖𝑛

2𝑛𝜋𝑎

𝑎
 ) − (−𝑎 +

𝑎

2𝑛𝜋
𝑆𝑖𝑛

2𝑛𝜋(−𝑎)

𝑎
)] = 1 

                                             =>
𝑁2

2
[(𝑎 +

𝑎

2𝑛𝜋
𝑆𝑖𝑛 2𝑛𝜋 ) − (−𝑎 −

𝑎

2𝑛𝜋
𝑆𝑖𝑛 2𝑛𝜋)] 

=>
𝑁2

2
[(𝑎 + 0 ) − (−𝑎 − 0)] 
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                                                                 =>
𝑁2

2
× 2𝑎 = 1  

                                                                 => 𝑁2 =
1

𝑎
  

                                                                 => 𝑁 = √
1

𝑎
  

i.e. the normalization constant is√
1

𝑎
 and  the normalized wave function will be 𝛹 = √

1

𝑎
 𝐶𝑜𝑠 (

𝑛𝜋𝑥

𝑎
) 

(5) 𝛹 = 𝑎(𝑎 − 𝑥), 0 ≤ 𝑥 ≤ 𝑎 

Let the normalization constant = N 

So the normalized wave function is 𝛹 = 𝑁 𝑎(𝑎 − 𝑥)   

Now 

                             ∫ [𝑁 𝑎(𝑎 − 𝑥)]2𝑑𝑥
𝑎

0

= 1 

                           => 𝑁2𝑎2 ∫ (𝑎 − 𝑥)2𝑑𝑥 = 1
𝑎

0

 

                                           => 𝑁2𝑎2 ∫ [𝑎2 − 2𝑎𝑥 + 𝑥2]𝑑𝑥 = 1
𝑎

0

 

                                        => 𝑁2 [𝑎4𝑥 −
2𝑎3𝑥2

2
+

𝑎2𝑥3

3
]

0

𝑎

= 1 

                                      => 𝑁2 (𝑎5 − 𝑎5 +
𝑎5

3
) − (0) = 1 

 => 𝑁2
𝑎5

3
= 1 

=> 𝑁 = √
3

𝑎5
 

i.e. the normalization constant is√
3

𝑎5 and the normalized wave function will be 𝛹 = √
3

𝑎5  𝑎(𝑎 − 𝑥) 

(6) 𝛹 = 𝑒−𝑎|𝑥|𝑎 > 0, −∞ ≤ 𝑥 ≤ ∞ 

Ans: 

Let the normalization constant = N 

So the normalized wave function is 𝛹 = 𝑁𝑒−𝑎|𝑥|  

Now 

∫(𝑁𝑒−𝑎|𝑥|)
2

∞

−∞

𝑑𝑥 = 1 
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     => 𝑁2 ∫ 𝑒−2𝑎|𝑥|

∞

−∞

𝑑𝑥 = 1 − −(1) 

Since 𝑒−2𝑎|𝑥| is an even function, so we can write 

∫ 𝑒−2𝑎|𝑥|

∞

−∞

𝑑𝑥 = 2 ∫ 𝑒−2𝑎|𝑥|

∞

0

𝑑𝑥 − −(1) 

From equation (1) and (2), we have 

                             2𝑁2 ∫ 𝑒−2𝑎|𝑥|

∞

0

𝑑𝑥 = 1 

                  => 2𝑁2 [
𝑒−2𝑎𝑥

−2𝑎
]

0

∞

= 1 

                  => −
𝑁2

𝑎
(0 − 1) = 1 

=> 𝑁 = √𝑎 

i.e. the normalization constant is √𝑎 and the normalized wave function will be 𝛹 = √𝑎 𝑒−𝑎|𝑥|  

[Self-test] Normalize the function over the given interval: 𝛹 = 𝑠𝑖𝑛 (
𝑛𝜋𝑥

𝑎
) , 0 ≤ 𝑥 ≤ 𝑎 

Q. Show that the following sets of functions are orthogonal to each other over the given intervals: 

(1) 𝑆𝑖𝑛
𝑛𝜋𝑥

𝑎
 𝑎𝑛𝑑 𝐶𝑜𝑠

𝑛𝜋𝑥

𝑎
 , over the interval 0 ≤ 𝑥 ≤ 𝑎 

(2) 𝛹1 = 𝑥 𝑎𝑛𝑑 𝛹2 = 𝑥2, over the interval −𝑘 ≤ 𝑥 ≤ 𝑘 

(3) 𝛹1 = (
1

2𝜋
)

1

2
, 𝛹2 = (

1

𝜋
)

1

2
𝐶𝑜𝑠 𝑛𝑥 𝑎𝑛𝑑 𝛹3 = (

1

𝜋
)

1

2
𝑆𝑖𝑛 𝑛𝑥, over the interval o to 2π 

(4) 𝛹1 = 𝑎2 + 𝑥2 𝑎𝑛𝑑 𝛹2 = 𝑥(𝑎2 − 𝑥2), over the interval −𝑎 ≤ 𝑥 ≤ 𝑎 

Ans: 

(1)  𝑆𝑖𝑛
𝑛𝜋𝑥

𝑎
 𝑎𝑛𝑑 𝐶𝑜𝑠

𝑛𝜋𝑥

𝑎
 over the interval 0 ≤ 𝑥 ≤ 𝑎 

                               ∫ 𝑆𝑖𝑛 (
𝑛𝜋𝑥

𝑎
)

𝑎

0

𝐶𝑜𝑠 (
𝑛𝜋𝑥

𝑎
) 𝑑𝑥 

                          =
1

2
∫ 2 𝑆𝑖𝑛 (

𝑛𝜋𝑥

𝑎
)

𝑎

0

𝐶𝑜𝑠 (
𝑛𝜋𝑥

𝑎
) 𝑑𝑥 

=
1

2
∫  𝑆𝑖𝑛

2𝑛𝜋𝑥

𝑎

𝑎

0

𝑑𝑥 

=
1

2
[−

𝐶𝑜𝑠
2𝑛𝜋𝑥

𝑎
2𝑛𝜋

𝑎

]

0

𝑎
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             = −
1

2
×

𝑎

2𝑛𝜋
[𝐶𝑜𝑠

2𝑛𝜋𝑥

𝑎
]

0

𝑎

 

                          = −
1

2
×

𝑎

2𝑛𝜋
[𝐶𝑜𝑠

2𝑛𝜋𝑎

𝑎
− 𝐶𝑜𝑠 0] 

                      = −
1

2
×

𝑎

2𝑛𝜋
[𝐶𝑜𝑠2𝑛𝜋 − 𝐶𝑜𝑠 0] 

 = −
1

2
×

𝑎

2𝑛𝜋
[1 − 1] 

                                                                          = 0  

So the given functions are orthogonal to each other. 

(2) 𝛹1 = 𝑥 𝑎𝑛𝑑 𝛹2 = 𝑥2, over the interval −𝑘 ≤ 𝑥 ≤ 𝑘 

             ∫ 𝛹1𝛹2

𝑘

−𝑘

𝑑𝑥 

      = ∫ 𝑥𝑥2

𝑘

−𝑘

𝑑𝑥 

   = ∫ 𝑥3

𝑘

−𝑘

𝑑𝑥 

= [
𝑥4

4
]

−𝑘

𝑘

 

                =
1

4
(𝑘4 − (−𝑘)4) 

                                                                                    = 0  

So the given functions are orthogonal to each other. 

(3) 𝛹1 = (
1

2𝜋
)

1

2
, 𝛹2 = (

1

𝜋
)

1

2
𝐶𝑜𝑠 𝑛𝑥 𝑎𝑛𝑑 𝛹3 = (

1

𝜋
)

1

2
𝑆𝑖𝑛 𝑛𝑥, over the interval 0 to 2π 

∫ 𝛹1𝛹1𝛹3𝑑𝑥

2𝜋

0

 

                                     = ∫ (
1

2𝜋
)

1
2

(
1

𝜋
)

1
2

𝐶𝑜𝑠 𝑛𝑥 (
1

𝜋
)

1
2

𝑆𝑖𝑛 𝑛𝑥 𝑑𝑥

2𝜋

0

 

                        = (
1

2𝜋
)

1
2

(
1

𝜋
) ∫ 𝐶𝑜𝑠 𝑛𝑥 𝑆𝑖𝑛 𝑛𝑥 𝑑𝑥

2𝜋

0

 

                             = (
1

2𝜋
)

1
2

(
1

2𝜋
) ∫ 2 𝐶𝑜𝑠 𝑛𝑥 𝑆𝑖𝑛 𝑛𝑥 𝑑𝑥

2𝜋

0
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    = (
1

2𝜋
)

3
2

∫  𝑆𝑖𝑛 2𝑛𝑥 𝑑𝑥

2𝜋

0

 

= (
1

2𝜋
)

3
2

[
𝐶𝑜𝑠 2𝑛𝑥

2𝑛
]

0

2𝜋

 

                      = 2𝑛 × (
1

2𝜋
)

3
2

[𝐶𝑜𝑠 4𝑛𝜋 − 𝐶𝑜𝑠 0] 

= 2𝑛 × (
1

2𝜋
)

3
2

[1 − 1] 

                                                                        = 0  

So the given functions are orthogonal to each other. 

(4) 𝛹1 = 𝑎2 + 𝑥2 𝑎𝑛𝑑 𝛹2 = 𝑥(𝑎2 − 𝑥2), over the interval −𝑎 ≤ 𝑥 ≤ 𝑎 

 ∫ 𝛹1𝛹2 𝑑𝑥

𝑎

−𝑎

 

                              = ∫[(𝑎2 + 𝑥2)(𝑥(𝑎2 − 𝑥2))] 𝑑𝑥

𝑎

−𝑎

 

                         = ∫[(𝑎2 + 𝑥2)(𝑥𝑎2 − 𝑥3)] 𝑑𝑥

𝑎

−𝑎

 

                                  = ∫(𝑎4𝑥 − 𝑎2𝑥3 + 𝑎2𝑥3 − 𝑥5) 𝑑𝑥

𝑎

−𝑎

 

    = ∫(𝑎4𝑥 − 𝑥5) 𝑑𝑥

𝑎

−𝑎

 

= [
𝑎4𝑥2

2
−

𝑥6

6
]

−𝑎

𝑎

 

                                            = [(
𝑎4𝑎2

2
−

𝑎6

6
) − (

𝑎4(−𝑎)2

2
−

(−𝑎)6

6
)] 

      =
𝑎6

2
−

𝑎6

6
−

𝑎6

2
+

𝑎6

6
 

                                                                            = 0  

[Self-test]. Q. The wave functions 𝜓1 = (
1

𝜋
)

1

2
𝑐𝑜𝑠𝑥 and 𝜓2 = (

1

𝜋
)

1

2
𝑠𝑖𝑛𝑥 are defined in the interval 0 ≤

𝑥 ≤ 2𝜋. Examine if the functions are orthogonal to each other. 

[Self-test]. Q. Show that the two wave functions 𝑆𝑖𝑛
𝜋𝑥

𝑎
 𝑎𝑛𝑑 𝐶𝑜𝑠

𝜋𝑥

𝑎
 are orthogonal over the interval 

0 ≤ 𝑥 ≤ 𝑎 
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